INTRODUCTION
(a) We intend to describe a relationship between p-adic etale cohomology and Hodge cohomology for smooth algebraic varieties over a p-adic field K. The results are similar to classical Hodge theory over the complex numbers with Betti cohomology replaced by etale cohomology; however, there are some differences. For example, the Hodge filtration goes the other way. While in the classical case a holomorphic differential form defines a class in singular cohomology, giving an injection of the space of differentials into the cohomology group, in the p-adic case there is a surjection from cohomology to differentials. Also we are missing the Z-structure on singular cohomology and the Gauss-Manin connection for families.
(b) Let us describe our results. Denote by V a complete discrete valuation ring of unequal characteristic with perfect residue field k of characteristic p and K its field of fractions. If X is a smooth proper K-scheme, there is a natural isomorphism (Chapter III, Theorem 4.1) H n eX K, ZP K H a(X, Q%K)0K ( b).
Here the cohomology on the left is etale cohomology, "^" denotes the p-adic completion, " (-b) " Tate twist, and the isomorphism is Gal(K/K)-equivariant. There is also a version with derived categories, or for open varieties which are the complement of a divisor with normal crossings in a complete X as above. Using corollaries one may derive algebraic proofs of degeneration of the Hodge spectral sequence and of Kodaira's vanishing theorem. However, there are better ways to do this using crystalline cohomology and Frobenius. (c) If X extends to a smooth proper scheme over V, we have stronger statements. To describe them we need some notation. Denote by V the integral closure of V in K, and by m its maximal ideal. V is a valuation ring with nondiscrete value group Q, so m behaves differently from what we are used to. For example, m = m . An almost isomorphism of V-modules is a map whose kernel and cokernel are annihilated by m.
We shall define an intermediate cohomology theory X* (X) with a map Hn(X0 K, Zp) ?z, V^ X*(X) which turns out to be an almost isomorphism.
On the other hand X* (X) is closely related to Hodge cohomology.
-In the sense of derived categories, it has a filtration with quotients isomorphic to Ha (X, QIKb) 0K V^ (-b) up to p-torsion of exponent p11(P-l).
-There exists a natural transformation (?II, Theorem 3.1)
H Ha(X, Qb V) (& pb V^(-b) __ n (X), a+b=n V where p E V is a certain element related to the ramification of V over the Witt ring W(k). If V is unramified (that is, p is a uniformizing element for V), its p-valuation is 1/(p -1). This transformation has an almost defined n inverse up to p There are also versions for open varieties, or derived categories, etc.
(d) The method of proof follows ideas developed by J. Tate and J. M. Fontaine [Fo, T] . Basically etale cohomology is a global version of Galois cohomology. To study the latter we look at etale coverings of the generic fiber X ?v K and the normalizations of X in it. In general these are not etale over X as can be seen by the example of adjoining p-power roots of units. However, we show that this example is very typical of what is happening, in the sense that after adjoining enough such roots the remaining ramification can be controlled. This means in the case of good reduction that the rest is almost unramified, while for bad reduction the ramification is controlled by some finite fixed power pe .
After this we define X* (X) as Galois cohomology of the p-adic completion of normalization of Ax in the maximal extension of the type described above. Our methods allow us to handle this infinite extension, and a study of differentials gives us the natural transformation relating it to Hodge cohomology.
(e) The paper is organized as follows. In ?I we study the case of good reduction and prove the necessary results from commutative algebra. Loosely speaking, we redo the classical theory of etale coverings (SGA 1, 2) in the context of "almost-mathematics," where the results hold only up to m-torsion. One of the main difficulties is that we cannot use the usual finiteness results we are accostumed to. For the commutative algebra involved the reader might study [M] .
In ?II we construct the theory ` (X) . Here we need some simplicial methods for which [Fr] is a good reference. Besides this the proofs are standard applications of the machinery. Let us remark that we often have to refer to statements in the derived category. This means that we do not consider only cohomology groups but also the complexes which compute them. As those are naturally given by our constructions, this poses no problem.
Finally in ?III we treat the case of bad reduction. Instead of working modulo m-torsion we formulate statements modulo a bounded p-power. The basic difficulty lies in showing the necessary facts from commutative algebra. We use a semiglobal method. Locally, schemes are elementary fibrations over a base of lower dimension, and these elementary fibrations are pullbacks from spaces with good reduction. We already know how to treat those, and the base is handled by induction. However, this method forces us to introduce some ideas (mainly due to M. Raynaud) from the theory of rigid spaces. We do not formulate them in this language, but the reader should know where they came from.
(f) Related results have been obtained in papers by S. Bloch and K. Kato, and by J. M. Fontaine and W. Messing. Both work only for good reduction, and the former assumes that the schemes involved are ordinary. However, the results of Fontaine and Messing are stronger than ours (in case they apply), as they give a rule for how to relate etale cohomology and crystalline cohomology. Our methods can be used to simplify some of their proofs, but it is too early to report about this now.
I thank the referee for pointing out some inaccuracies. The work was partially supported by NSF grant DMS-8502316. I 1. Ramification theory for discrete valuation rings.
(a) We work with discrete valuation rings V whose fraction fields K have characteristic zero while the residue fields k = V/m (m = maximal ideal) have positive characteristic p. The valuations v: K* -+ Q will be normalized such that v(p) = 1. If a e v(K*) we denote by p&V the ideal of V generated by an element of valuation a. Furthermore, we will assume that [k: kp] = pd < oo. Let us also remark that all such V are excellent rings. This allows us to pass over to completions if needed. So we shall formulate our results for complete rings but use them sometimes also in a noncomplete case, where, however, passing over to completions poses no problem. So from now on let us assume that V is complete. By Qv we understand the universal finite V-module of differentials. K2V is finitely generated over V, and there exists a derivation d: V -V which is universal for derivations into finitely generated V-modules. It is easy to see that such an K2 v exists, and in fact it can be generated by < d + 1 elements.
This follows from the familiar exact sequence m/mr2 -+ 2V ? k -* -* 0.
If W is the normalization of V in a finite extension L of K, W is a local ring. The inverse different p a W c L is the maximal fractional ideal which is mapped into V by the trace trL,K . If W is generated by a single element w, with minimal equation f(w) = , a is equal to the valuation of the derivative f(w). a is additive for extensions. Assume U c V c W, then the different of W over U is the sum of the differents of W over V and of V over U. We also have the following lemma.
1. 1. Lemma. For any extension V c W, as above, the natural map Kv ?v W 2 w is injective, and its cokernel f2 has the same length as W/p3 W.
Proof. We may assume that L is a Galois extension of K and then reduce to the case of a totally ramified extension of prime degree. In this case W can be generated by one element w, so W _ V [T] /f (T) . Hence Qw is the quotient of QK2v Xv WED WdT under the submodule generated by the derivative of f (T) . This element has second component f'(w)dT, and as f7(w) is a nonzero-divisor in W the assertion follows. o (b) One of the basic facts in our theory is the following. One very ramified extension kills all ramification. To be more precise, assume that we have given a family of extensions V = Vo c VI c V2 c ,such that KV /v -has (Vn/ PVn)d+l as quotient. denotes the Witt vectors associated to a perfect field k. Let Vn denote the extension of V generated by the p0th roots of the T.'s together with the pn+ 'st roots of unity. In more general situations V is usually a finite extension of a ring as above, and we can use the induced sequence of extensions.
(c) If we have a sequence of Vn's as above, let V denote their union. This is a subring of V, the integral closure of V in the algebraic closure K in K. V is almost unramified over V , as explained"below.
Almost unramified extensions.
(a) We want to generalize some results about etale extensions to the case of almost unramified extensions. For this we always work over a normal base ring in which p is of the form p = (unit) _ xn for an infinite number of n's. We write x = p l/n, which is well defined up to units. As we will be interested only in the ideal generated by x, this causes no problem. If a E Q satisfies n a a E Z for some n as above, we also define pa as the obvious element, unique up to units. We assume that multiplication by p is injective in all our rings. By m we denote the ideal generated by all powers of pe, e > 0. (b) We want to generalize the usual results of lifting over nilpotent ideals. This can be done provided we assume from the beginning that B = A+mB . Let us also remind the reader that we assumed that multiplication by p is injective in all rings involved. Thus the induction step where one usually replaces a nilpotent ideal I c C by I/I2 c C/I 2, and so on, has to be modified. Divide C/I2 by its p-torsion, etc.
2.2. Theorem. Suppose B = A + mB is an almost etale covering of A, C an A-algebra, I c C a nilpotent ideal, and 0: B -* C/I an A-algebra morphism. Then q lifts uniquely to B -* C.
Proof. We may assume that I2 = 0. As B is almost A-projective, for any E > 0 we can lift p8q$ to an A-module map q: B -*C. bo(p808(b1b2) -?b8(b,)q5,(b2))b3 E I defines a class in H 2(B/A, I), which is annihilated by m . Doubling e and then enlarging it a little we may assume that this class vanishes, and then we can modify k, so that it becomes multiplicative, i.e. such that p8Ok(xy) = q58(x)>b(y) . Such a lifting is unique up to H1 (B/A, I), hence up to p-torsion. As C has no such torsion, the different 0b glue together to give a multiplicative A-linear map 00: mB --C . We can extend to B = A + mB, because 00 maps p8 to an element x = pC + y (y E I) satisfying x2 = pCx, hence p ey = 0.
Uniqueness has already been established. Proof. We may assume that I2 = 0. The proof proceeds similarly as before. We start with a small E, which we enlarge at each step by a certain factor. First B is a direct summand in a free module A r up to some pG. That is, there exists an r x r matrix e-such that Tripling E we may assume that e lifts to an r x r matrix e with e2 = pee . Let Be = Ar/(pe -e)(Ar for some a (a = I/p works by assumption), and let fl < (a + 1)/p . Dividing u by xaP (which is a unit) we may assume that u =1 + pP ay with y E A. If y -zP is divisible by p, x = 1 + paz works for ,B. Repeating this induction step we reach any exponent < l/(p -1). If v = u1/p E B, it follows that va = (v -Xa)/pa is an element of B. It generates a subring whose discriminant over A is pP (p 1)a . Hence this p-power makes eBIA integral, and by letting a approach 1/(p -1) we reach the conclusion. Let us also note that B satisfies the same assumptions as A, that is, B = BP + pB . Calculating mod p we see that for a close to 1/(p -1) the subring A [vaP] has discriminant pP(P-(P-1)a)
It follows (by expanding in an A-basis of A [vP] ) that after multiplication with this power of p any element of B becomes a pth power mod pB. But for small e > 0, bp E pPeB implies b E p8B. It follows that any element of B is a p-power modulo p1 _P and then also modulo p.
Hence we can make induction arguments. For example, if B is the normalization of A in any extension of K which is generated by p-power roots of units in A, then B is almost etale over A.
3. Good reduction.
(a) Our basic setup is as follows. V is a discrete valuation ring whose fraction field K has characteristic 0 and whose residue field k is perfect of positive characteristic. R is a smooth V-algebra or a localization of such or a henselization. We consider normal R-algebras S which are etale over R in We choose an increasing sequence of extensions VJ' of V which kills ramification (Theorem 1.2). Furthermore we assume that we are given units u, .... ud E R* such that the corresponding mapping V[T1, ,T2?1, ..., Td '] --R is etale. We let Rn denote the normalization of R X& v Vn in the extension generated by the p th roots of the ui. It is clear that Proof. We reduce to the case that R is the henselization of a smooth V-algebra. We use induction over dim (R) . If this dimension is 1, R is a discrete valuation ring whose residue field is a finite extension of k of transcendence degree T) (the localization of the polynomial ring in the extension of the maximal ideal of V ). W maps to R (sending Ti to ui), and R is also etale over W. Let R, respectively W, denote the extension obtained by adjoining p-power roots of {u us} . Then W is a discrete valuation ring with perfect residue field, and we may replace the pair (R, V) by (R, W). So we may assume that the residue field of R is finite over k . As R was supposed to be henselian, we now replace V by an unramified extension, so that R has residue field k, and R is isomorphic to the henselization of nmd in a k-rational point, the ui being given by the canonical d units on gm . We may also suppose that k is algebraically closed (use an unramified extension of V). It follows that R = V{t . td} (henselization of the polynomial-ring), with ui = v i+ti,, vi E V*. Now S is the normalization of R in a finite extension of its fraction field, unramified in characteristic 0, and we denote by Sn the normalization of S ?R Rn , and S., is the union of the Sn . There exists a sequence An ?-p 0, such that for each prime divisor p c R of p the idempotent eSnIR becomes integral in the p-localization after multiplication with pan It follows that the dual of Sn (for the trace form trs /R ) is contained in p3 an * Sn a and one derives that pan annihilates the cokernel of Sn (?Rn R.
--SO..
Let n denote the maximal ideal of R, and consider local cohomology Hn*(.). As dim(R) > 3, Hn2(Sn) is a finite R-module, and we also know that Hn0(Sn) and Hn1 (Sn) vanish. It follows that some power of n (depending on n ) annihilates pan * Hn2 (Soo Letting n -+ oo we obtain a regular map Soo/tSoo Boo (0 Roo /t(Boo (0 Roo) AcOO 
AOO
If we localize in a prime q $ n of R, both S0O and Boo 0A Roo are almost unramified over R00. Hence the morphism above is an almost isomorphism and extends over R.I/tmR00 for any m > 0, provided we replace S., by R.0 + mS00 (m = maximal ideal in VO = union of the Vn psn annihilates all TornR(S, ?R R0, M), i > 0 and M any R00-module annihilated by some power of t. Since Roo is faithfully flat over Rn, p n also annihilates all TorRn (Sn, M), i > 0 and M any Rn-module annihilated by a power of t. As Rn is local and noetherian we derive that this holds in fact for any Rn-module M. Letting n -* oo we derive that S. is almost flat over R00.
Finally, by induction we already know that for any e > 0 p" * eS. R iS integral in S., ?R S. up to n-torsion. Almost flatness implies that essentially there is no such n-torsion, hence the theorem follows. o (f) There is a version for complements of divisors with normal crossings. In this case we start with a smooth V-algebra R as before together with a set of ui E R such that the induced morphism V[T1, ..., Td] -+ R is etale. The ui do not have to be units. We consider normal R-algebras S such that The reason why we do not restrict to p-power roots is Abhyankhar's lemma (see SGA 1). If S is a finite normal R-algebra, etale after inverting puI ... ud, the normalization Sn of S($R Rn is etale over Rn after inverting only p, provided n is big enough.
We derive the following. Proof. We may assume that R is local and henselian and also that S is already etale after inverting p (replace R by some Rn). We know that S becomes almost etale if we adjoin sufficiently many p-power roots of units in R. It follows that for any e > 0 we can find an extension A of R, obtained by adjoining finitely many p-power roots of units such that for the normalization B of S?R A the element pe . eBIA is integral. Let An, Bn denote the normalizations of A ?R Rn and B ?R Rn, and A.0 and Boo their union. Then Aoo is almost etale over Ro., and Roo is almost a direct summand in it (the image of the trace form contains mR00). It follows that B. is almost isomorphic to Soo ?R, Aoo as this is almost etale over S. . So enlarging E a little we see that pe *eS.IR becomes integral after ?R A0 0. As Roo is almost a direct summand in Aoo, this already holds before tensoring. The assertion now follows as e can be arbitrarily small. o 4. Differentials and cohomology.
(a) Let R, V be as before. We especially assume that R has units ui with the properties specified above. Furthermore, we assume that V is integrally closed in R. Denote by V the integral closure of V in an algebraic closure K of K. Then R ? v V is a normal domain. We denote by R the integral closure of R in the maximal algebraic extension unramified in characteristic 0 of the fraction field of this domain. We have seen that R is an inductive limit of almost etale coverings of Roo. This allows us to transfer properties from Roo to R. Note that R does not depend on the choice of the ui.
Let r denote the Galois group of R over R and A c 17 the kernel of the natural surjection IF -Gal(K/K). If R is only integral but V is not integrally closed in R, its integral closure VJ in R is a finite etale extension of V. V, is the normalization of V in the extension K, of K determined by the image of F -+ Gal(K/K). This image operates on all objects, and we can form the induced Gal(K/K)-module. This procedure allows us to weaken the general hypotheses "geometrically irreducible" to "irreducible," in the rest of this chapter. We leave the details to the reader.
(b) We first consider differentials. It is known (see [Fo] or use part 1 above) that 2T/V= K/p-lV( ), the isomorphism being induced from dlog: #Pii a-viv. Here (1) Up to m-torsion they are isomorphic to the tensor product over ROO with R of the corresponding sequences where we replace V by VOO and R by R.. These read
The direct sums Roo, dRO[ I /PId, etc. are free modules with the dlog(ui) as basis. We derive the following result, formulated in a canonical way, without reference to the u 1. Proof. We only have to show that the first map of the exact sequence in (ii) is injective. We already know that its kernel is annihilated by m . But QV/v 0v R has no m-torsion. o
By using the second isomorphism in (i) to pull back the exact sequence in (ii) we obtain a canonical extension
The Galois group 7 operates on this extension, and it is functorial with respect to morphisms between different R's.
It splits as extensions of R XV V-modules, but the splitting is not Gal(K/K)-equivariant. Forming Tate modules (= Hom(Qp/Zp,.)) and Tate twists we obtain a canonical extension
We can also compute the Galois cohomology of A with values in R/pIR or with values in the p-adic completion R^. In the latter case we use topological cohomology defined via continuous cochains. We could avoid this by dealing exclusively with the projective system {l/p'Rll > 0}. As R is an inductive limit of almost etale covers of Ro, ?v V, the cohomology groups are almost isomorphic to those of R. (?v V, where A has to be replaced by Zp(1)' = Gal(R.,/R ?&v V) . But the p-adic completion of R. 0 v V is the topological direct sum of A-eigenspaces (R ?V V)^Ua1l U2a2 ... Ud ad, where the exponents ai are in Z[l/p] and satisfy 0 < ai < 1. If all ai vanish the cohomology of the corresponding eigenspace is the exterior algebra over (R Giv V)-(-1)d , and otherwise we obtain a finite direct sum of terms (R? vV)/p6(R? vV), where e = p-e/(l -I/p) pe the maximal p-power occurring in the denominators of the ai I. is the p-valuation of a primitive peth root of unity. Hence
The sum in the second term is direct, the exponents e are < 1/(p -1), and they converge to 0.
We now obtain the following result. In (iii) (Kunneth) and (vi) (duality) we view H* (A, R^) as an element of the derived category of (R (? v V)^-modules, represented by the canonical complex which computes it. (iv) The morphism QR/V -+ H(A, p 1R (+ 1)) given by the extension E is induced by a functorial isomorphism
Theorem. (i) H'(A,R^) AL((R0
YNVH I(A, R)(p-torsion) -n-fR/ V &(R / )( ) R V via H (A, R (-1)) H'(A,p'R^(- 1
)) (which kills torsion). (v) The cup products Ai(H l (A, R^) ) H' (A, R^) induce isomorphisms
(The right side means homomorphisms in the derived category. If we work with coefficients R/ptR, this would be the same as ordinary homomorphisms, by the known R-module structure of H' (A, R^). ) All these morphisms are functorial in (1), (R. X,v V)% is given by the kernel, respectively co-kernel, of (a -1) on (Roo, ?v V)', which is the topological direct
The dual of this complex is given by the product of these Zp(1)-eigenspaces, and the duality map (vi) is induced by the inclusion from the topological direct sum into the direct product. As for any e > 0 pe annihilates kernel and cokernel of (a -1) on almost all summands, the assertion follows. o (e) We also have shown that the canonical extension EP can be obtained via pushout by R p 1R from a J7-equivariant extension 0 ER 'E-QR/V 0R (-1) -*0. R However, this extension is not functorial, but depends on the choice of the ui.
If a E V is an element of p-valuation l/(p -1), a annihilates the p-torsion in H'(A, R),so the induced extension 0a --rR pEa *Q RIVO)R (-1) >0 R is, up to A-isomorphisms, independent of choices. However, these isomorphisms are in general not r-linear. (f) Now let us comment on the open case, that is, where some of the u1 may be nonunits, and we consider extensions which are etale outside the locus of pu* ... Ud . We can proceed as before by denoting by R, respectively IF and A, the maximal extension of this type, respectively its Galois groups over V or V. There are, however, two relevant theories reflecting the distinction between cohomology and cohomology with compact support. One of them is H* (A, R ) and the other H *(A, J ) . Here J c R is the ideal defining the locus of generated by QR and elements du/u, u E R, a p-power root of some u1. We check that this is independent of the choice of the ui. Replace V by an unramified extension so that all irreducible components of Spec(R/uiR) are geometrically irreducible over K. As all these components are disjoint, we may localize and assume that each ui is either a unit or a prime element. Then any unit f in R[1/u1 ... Ud] is a product of a unit in R and a monomial in the ui. It follows that for any p-power root g of f dlog(g) is contained in S2R (dlog oo) . Similarly we define differentials with logarithmic poles relative to some subring of R.
The results of 3 above allow us to reduce computations to the case of the polynomial ring R = V [ T,..., Td] , and by using Kunneth we end up with the case R = V [T] . Here Roo /0V = V*Ta (a E Q, a > 0),
(a E Q, a >0), and the relevant Galois group is Zp (1). We derive 4.3. Theorem. There exists a r-equivariant functorial extension
This extension is obtained via pushout by R -p 'R from an extension given by the extension E. is induced by a functorial isomorphism
R V (vi) If J c R denotes the ideal generated by ul ... Ud, the cup products
induces almost isomorphisms (in the derived category)
The right side means homomorphisms in the derived category. If we work with coefficients R/IpR, those would be the same as ordinary homomorphisms). All these morphisms are functorial in R.
(f) Finally we have to investigate the relation with the previous theory. That is, we assume that (R, { ui }) satisfies the same hypotheses as before but that in addition R has enough units, so that we can study R, the maximal extension unramified in characteristic 0. We also assume that for each subset M c {1, ... ,d} the quotient ring RM = R/({ui I i E M}) is geometrically integral if it does not vanish and that the image of R* gives us enough units in it.
Finally there should be a maximal M for which RM : 0. Let us denote by A the Galois group of R over R XV V and by A its quotient corresponding to extensions unramified in characteristic 0. By I c A we denote the kernel of For any M c {1,...,d}, choose a prime ideal qM c R lying over
We can do this in such a way that for M c N it is also true that 9M C 9N (start with a maximal M and decrease). In the following let M denote only subsets for which RM : ? . IM C AM C A denotes the inertia, respectively decomposition, group of qM, so that for M c N IM C IN C I n AN C AN C AM. The extension of R ?v V defined by u, ' In defines a map A --Z^(l)d (Z^ = integral finite adeles, also equal to the product of Zl, / running through all primes). This map sends IM into the product of those factors Z^ which are indexed by M (so IM is abelian), and induces an isomorphism of the p-part of IM with ZP(I)M. The quotient AM/IM is a quotient of the group A(RM) (the analogue of A for RM) which corresponds to the extension R/qM of RM. The subgroup (I n AM)/IM is the quotient of the corresponding inertia I (RM) .
(g) If M has m elements, we obtain AM-linear morphisms
We use them in the following result, the proof of which will be given only up to a certain point which will be established later. Let us remark that S2RIv (dlog oo) degenerates up to m-torsion.
(ii) The mappings (the direct sum EM is over all M of size b)
the filtration on H'(A,R ) given by the spectral sequence corresponds to the canonical filtration on fit Iv(dlog oo) such that the induced morphisms
correspond to the direct sum of the canonical mappings
A corresponding result ( with the obvious modification of (iii)) holds for cohomology with coefficients R/p 1R.
Proof . Our standard argument reduces everything (together with some uninspiring bookeeping) to the case where R is a localization of V [T] and u, = T. In this case the groups A, A, I have cohomological dimension 1, as they are fundamental groups of affine curves in characteristic 0. Hence We already know that it is almost exact at the other positions, that this middle cohomology is p-torsion, and that multiplication by T = u1 is locally nilpotent on it. We shall see that it is in fact m-torsion. o II 1. Construction of 9* (a) Suppose V is a complete discrete valuation ring with fraction field K of characteristic 0 and residue field k perfect of positive characteristic p > 0. An affine V-scheme U is called small if there exists an etale V-morphism U lmd, flm the multiplicative group over V. Suppose X is a smooth V-scheme such that the geometric fiber XK is geometrically irreducible over K. For any open nonempty subset U c X the geometric fundamental group A(U) = I(U ?K K) is a quotient of the absolute Galois group Gal(K(X)/K(X)) of K(X), and for U1 c U2 an inclusion there is a surjection A(U1) -A(U2). If U is affine we denote by R(U) its affine ring and by R(U) the maximal extension of R(U) which is unramified in characteristic 0. Again for U1 c U2 there is a map R(U2) -+ R(U1), so R(U) defines a presheaf of rings on the site defined by the affine open subsets of X. The cohomology H*(A(U), R(U)^) can be computed by the conical complex C*(A(U), R(U)^) with Cn(A(U), R(U)^) = continuous maps A(U)n _+ R(U)^. It can be constructed from the canonical simplicial models for B(A(U)), is a presheaf of complexes, and moreover, C* (A(U), R(U) ) is equal to the projective limit of C* (A(U), R(U)/p'R(U)), 1 > 0. Further properties follow. The absolute Galois group of K(X) acts on C* (A(U), R(U)^), and the restriction of this action to the absolute Galois group of K(X) is homotopic to the trivial action by a nice compatible system of homotopies. We also have a functorial cup product )-) ) is a quasi-isomorphism. In turn this implies that for U. -+ X any hypercovering with all Un affine and disjoint unions of small pieces, the total complex Tot(C* (A(U.), R (U.)-)) is, up to quasi-isomorphism, independent of the choice of U.. We define X* (X) as the cohomology of this complex, which takes values in V-modules/ r-torsion and has a Gal(K/K)-action. However, sometimes we use derived categories, and then * (X) is represented by the complex above, which has an action of the absolute Galois group of K(X), null-homotopic on that of K(X).
For any number a we define the subcomplex <a C* (A(U),R(U)% c C* (A(U.),R(U.)
It follows that the inclusion <aC* (A(U), R(U)^) c C* (A(U), R(U)^) induces an isomorphism on cohomology in degree < a and that <aC* (A(U),R(U) is acyclic in degree > a.
Thesubcomplex <aC*(A(U),R(U)%) of <aC*(A(U),R(U)%) coincideswith <aC*(A(U), R(U)^) in degrees $ a, while in degree a <a Ca(A(U), R(U) ^) is the preimage of the p-torsion in Ha(<aC*(A(U),R(U)%)) under <aCa(A(U), R(U)%-Ha(<aC*(A(U),R(U)%)). All these constructions are functorial in U, and the construction above gives cohomology groups <ar* (X) and <at* (X) with the obvious mappings between them. Everything can be defined on the level of derived categories associated to complexes with a suitable filtration. We can also work mod pI by tensoring. However, then <a* (X) cannot be so easily described.
The cup product respects filtrations, i.e. it maps <at* (X) x <b* (X) into <a+bX* (X) and <a
into <a+b* (X), also in the sense of such that f extends to a map of simplicial schemes U. -f W., we obtain an induced map f*: Tot(C*(A(W.), R(W)^)) -Tot(C*(A(U.), R(U.)^)) * Up to homotopy it is independent of all choices and represents f*. We have corresponding results for <at* and <ax** Also cup products are functorial. Finally, for smooth V-schemes X which are not geometrically irreducible, we can define * (X) by the following procedure. If X is irreducible, denote by VI the integral closure of V in & so that X is geometrically irreducible over VI . VI is a finite etale extension of V, and X ?,v V is the disjoint union of [K1: K] copies of X ?&vl V permuted by Gal(K/K). Define * (X) as the induced (via Gal(K/KI) c Gal(K/K)) module associated to the cohomology of X relative to V, or equivalently as the direct sum of [K1: K] copies of this cohomology, with the corresponding extension of the Gal(K/K,)-action to Gal(K/K). For nonirreducible X use the direct sum of the cohomologies of the connected components. These constructions also apply to <aX* and <aX Finally all these extend to simplicial schemes. (ii) F' (X)= 0 unless O < i < 2d.
(iii) If X = X1 X V X2 is a product, the map (?L = derived tensor product)
is an isomorphism (KKunneth formula). defines an isomorphism (Poincare duality)
It also induces isomorphisms
These isomorphisms are compatible with the Kunneth formula. RRp R --*+ 0 we get that l '(X) has no p-torsion. Finally, from the spectral sequence above (which degenerates) we obtain that *'(X) = <X' (X) is p-torsion, hence vanishes, and that < I (X) = torsion in Z2(X), with quotient V^(-l). By duality <12W 2(X) = Ext. ^(<1* I(X), V ) = 0. As a result we see that * (P Iv) is precisely what it should be in any reasonable cohomology theory. As this coincides with the cohomology of Ax, respectively OX/v it follows from the spectral sequence (i) above that the sheaf " p-torsion in H1 (A, R^) " has trivial cohomology on '. (f) Now let us explain how to deal with the open case. Suppose X is smooth over V, as before, and D c X is a divisor with normal crossings, relative to V, with smooth components D1, ... Dr. We assume that X as well as all irreducible components of finite intersections of D 's are geometrically irreducible. This is not really necessary as we can deal with these problems by standard methods, but it simplifies the exposition. An open affine subset U c X is called small if the intersection of U with any finite intersection of Di's is irreducible and if there exists an etale morphism U -* A into an affine space such that each U n Di is pullback of a standard hyperplane in Ad v I Furthermore, there is a maximal subset of the Di whose intersection meets U. For each such U we can form R(U), the maximal extension of U which ramifies only along D or in characteristic p, and we also define the ideal J(U) c R(U). After this we proceed as before, and obtain two cohomology theories A*(X -D) and Xc*(X -D)(= cohomology with compact support), or even <at (X -D), <aX* (X -D), <aX*(X -D), and <aX* (X -D) . The notation is not quite precise as they depend on the pair (X, D) and not just on the complement X -D. Before we list their properties let us compute an example, which will also allow us to finish the proof of Theorem 4.5 in ?I.
Consider D = {0, oo} c X = P Iv I We obtain a small open covering of X by X = UO U U. = (X -{oo}) U (X -{0}). The corresponding rings R0, R00, and R = R(Uo n U.,) are free V-modules whose bases are given by Ta where a E Q and either a > 0, a < 0, or a is arbitrary. The relevant Galois group is A = Z^(1), operating on the complex R^0 e R_ R00 R and we have to compute hypercohomology. As the complex is quasi-isomorphic to V^, this is trivial. "0(X -D) = V^, el (X -D) = V^(-1), and all other groups vanish. Furthermore, this coincides with the cohomology of Ax, respectively Q. ,(dlogoo), so that from the spectral sequence Theorem 1.2(i) below (which is the analogue of the spectral sequence Theorem 1.1(i) above) we obtain that the sheaf " p-torsion in H' ,(, R^) " has trivial cohomology on 2 .
If we refine our covering above to a hypercovering by small open subsets (in the previous sense) we can compare this with R* (X), which we already computed. First the map is induced from the maps Hi (A, R) -+ Hi (A, R) of ?I, which were isomorphisms for i = 0 and injective for i = 1 with the cokernel concentrated at 0 and oo, and an extension of V^(-1) by a p-torsion group. This p-torsion group is the cokernel of the injection "p-torsion in H', R^" p-torsion in H' (A, R^) ," and we wanted to show that is vanishes (that is, in our previous terminology "up to m-torsion"). But both sheaves above have trivial cohomology on X, so this also holds for the cokernel. As the cokernel is supported only at 0 and oo, it must vanish. o 
These isomorphisms are compatible with the Kunneth formula. 
The isomorphism with etale cohomology
(a) Let us recall the definition of a K(7r, 1)-space in etale topology. Suppose X is a smooth irreducible scheme over an algebraically closed field K, of characteristic 0, and 7r its fundamental group. If F is a finite abelian group with continuous 7r-action corresponding to a locally constant etale sheaf F on X, there exists a natural transformation H* (7r, F) -* H* (X, F) (etale topology). We say that X is a K(7r, 1) if this is an isomorphism for all F as above. This is equivalent to the assertion that for any F and any class q e H' (X, F), i > 0, there exists a finite etale covering Y --+ X such that the pullback of X to Y vanishes. It is known (SGA 4) that the open subsets U c X which are K(7r, 1)'s form a base for the topology of X, and we derive that for each point x E X the spectrum of the local ring 6Axx is a filtering projective limit of K(7r, 1)'s, hence itself a K(7r, 1).
We need a generalization of this statement. Let V denote a discrete valuation ring with the usual hypotheses and K its field of fractions. Suppose now X is a smooth V-scheme. An open subset U c X is called a K(7r, 1) if U 0v K is so.
Lemma. Any x e X is contained in an open U c X which is a K(7r, 1).
Proof (Compare SGA 4, XI.3.3 or [Fr, Theorem 11.5/11.6] ). We may assume that the residue field k of V is algebraically closed, that x is a k-rational point in the closed fiber, and that X is affine and irreducible of relative dimension d. We find open subsets x e U c X, W cP di , and a projection U-W such that all fibers are intersections X n L, L good. On the generic fibers this induces an elementary fibration, that is, the complement of a finite etale divisor in a family of complete smooth curves. The projection thus is a fibration in etale homotopy, and we conclude by induction. o 2.2. Corollary. For X as above, xEX, Spec(&x0(vK) isa K(7r, 1).
Let us also note the "open" version. 
Taking nth roots induces multiplication by nb on E2 a, composed with some other map. As M is finite we may use this procedure several times and reduce to the case that q is restriction of some cohomology class on Spec(d1xx XV K). But now we only have to apply the corollary above. 0:
(b) These technicalities out of the way we make the following construction. Suppose X is smooth over V, 1 > 0. By associating to any affine open subset U c X the group cohomology H* (A(U) , Z/p Z) or the etale cohomology H*(U vK, Z/p Z) we obtain presheaves on X with a map from the first to the second which induces an isomorphism on associated sheaves. The stalks in x e X are
which coincide by the technicalities above. It is clear that the associated sheaves are the higher direct images of Z/pIZ under the map (etale topos of X (&v K) --(Zariski topos of X ). If we view everything as objects in a suitable derived category, the hypercohomology of these sheaves is H* (X 0v K, Z/pIZ) .
The hypercohomology can be computed on the level of presheaves as the direct limit of the associated complexes of sections on U. over all hypercoverings U. --X. If U. consists of small open affines the natural transformation H*(A(U),Z/pIZ) --H*(A(U),R(U)/p'R(U)) now defines a natural transformation H*(X &vK,Z/pIZ) --* (X, R/p IR). Of course this transformation should be seen in the derived category as a map between complexes. If X is proper over V the theory 2 (X) satisfies the necessary finiteness conditions so that we can pass to the limit and obtain, at least on the level of cohomology groups, a natural transformation H* (X 0&y K, Zp) , * (X) or H*(X0v K, Zp) gz V X*(X). We shall see that this is an almost isomorphism.
(c) All this can be extended to the open case. If X is smooth over V, D c X a divisor with normal crossings (relative to V), we might redo things above using fundamental groups or etale cohomology of un (X -D) and arrive at natural transformations H*((X -D) 0 vK, Z/pIZ) * (X -D, R/p R) (in the derived category), and for proper X H* ((X-D) v K, Zp) 0z V -X* (X -D) . A check of the definitions reveals that these respect weight filtrations and that on the associated graded pieces we obtain the previous transformations. Hence in this more general case we also obtain almost isomorphisms.
(d) From now on we mainly work with cohomology mod pl, as Poincare duality is simpler in this context. We do not have to worry about Ext groups. The transformations H* (X vK, Z/p Z) ? V/plV -Z(X, R/p'R) preserve cup products. Let us show that this also holds for characteristic classes of subvarieties. So assume that X is proper and smooth over V and that Z c X is a smooth closed subscheme of pure relative dimension t. We claim that the characteristic class c(Z) E H 2(X vK, Z/p Z)(t) maps to c(Z) E 2' (X,R/p R)(t). This holds if t = 1, that is, if Z is a smooth divisor: We may assume that X has pure relative dimension d over V. The weight filtration on the complex C *(X -Z, R /p R) (which computes X* (X -Z, R/p R)) gives rise to an extension
The corresponding extension in etale topology represents c (Z) there, and it maps into this extension. So we have to show that it represents c(Z) in X*, that is, we have to show that for any class X E 2*2(d 1)(Z, R/plR)(d -1), the Z-trace of X is equal to the X-trace of the image of X under the connecting sequence represents the characteristic class of Z in Hodge cohomology, and so the assertion follows. For t > 1 we denote by X the blow-up of X along Z. The preimage of Z in X is a smooth divisor E which is a P' l-bundle over Z. If Proof. It suffices to consider the first mappings, and we may assume that D = 0. We compute module m-torsion. By Poincare duality and compatibility of trace maps the transformation H* (X Xv K, Z/p'Z)? V/p pV -* (X, R/p 'R) has a left inverse. If we show that this left inverse preserves cup product, the same reasoning gives a left inverse for it, and so all maps are isomorphisms. As everything is already compatible with Kunneth products, it suffices if the left inverse commutes with 3*, 3: X c X x V X the diagonal embedding. This is equivalent to H*(X 0v K,Z/plZ) X V/p'V -* A (X, R/p'R) commuting with 6*, which follows easily from the fact that it respects the characteristic class of the diagonal, and that 3* is surjective. o (f) Some examples.
(1) Let X = pnVI We want to compute <aX* (X) and <aX* (X). If 4 E <x 2(X) is the characterisitc class of a hyperplane, we claim that <aW*(X) = <a_lX*(X) = V^ [T] /(Ta), with T corresponding to 4. This is the result we expect in any decent theory. It is easily shown by induction over n. In the induction step we consider the divisor D c pnV, where D is the union of the n + 1 standard hyperplanes. The computation of <aA* (X -D) and <a-*(X-D) proceeds as in the case n = 1, using the standard open covering of X, and the result is what we expect from any reasonable cohomology theory. As for the intersections of components Di the result is known by induction; the assertion follows.
(ii) If T ?nmd is a torus over V and T c X a smooth torus embedding, where X is proper over V, and D = X -T is a divisor with normal crossings, the cohomology A` (X -D) can be computed using the small covering defined by T- We would like to compactify to a proper simplicial scheme. We cannot quite do that, but at least we can find torus embeddings (B?f'm) We can also check that for a smooth divisor Z c X (X smooth and proper) the Chern class of A1x(Z) coincides with the characteristic class of Z. The action of -on Pl defines a Pl-bundle over B?Wm with a smooth divisor given by {O, oo} c Pl . There exists a hypercoving U. --X such that the pullback of Z to U. is induced from this universal example. Hence it suffices to treat this universal case. Here the method of torus embeddings implies that <IX2 is isomorphic to X2 , and the assertion follows. We also derive that the image of the first Chern class in (<Xl/<A) 2(X)(l) = H (X,QX1)0V V^ is equal to the Chern class there, as this holds in the universal example. Proof. The assertion holds for (<aX/<aX)* (Y), which is given by Hodge cohomology. It thus suffices to treat (<ak/<a-1)*(Y) . Choose a hypercovering U. --X which trivializes F, so that the pullback of Y to U. is isomorphic to pe x U. The cohomology (<aXk/<a-1X)* of this is abutment of a spectral sequence, which starts with the cohomology of the pieces pe 1 x Un . As these are known (by Kunneth), we derive that the spectral sequence degenerates and that the required result holds. o:
It follows that we can define Chern classes ci(e) E <xk2i(X)(i). For a smooth subscheme Z c X of pure codimension t this leads to a new definition of the characteristic class c(Z) E <k2t (X) (t), which again coincides with the previous one. Blow up Z and reduce to the case of a divisor. Finally, we can use the splitting principle to reduce assertions about these Chern classes to assertions about line bundles, which usually can be easily shown for the universal case B-fM.
(v) Just as in the case of BSflm we also can define classifying simplicial schemes BSf (e) for vector bundles of rank e. However, it is more difficult to compactify them. We restrict ourselves to note that one can define canonical Chern classes (of the universal bundle) in their cohomology which for example allows to define regulator mappings from K-theory into X* (compare [B] ).
Relations to Hodge cohomology.
(a) The Hodge cohomology of a pair (X, D) (as usual) with coefficients V is defined by
It can be represented by a complex in the derived category. There are variants with coefficients V/p' V. H*h has the usual properties of a cohomology theory, like cup product, Kunneth formula or Poincare duality. We intend to define mappings from H*h to X*. This is very easy if we invert p. The spectral sequence
degenerates, as it is Gal(K/K)-equivariant, and there is no nonzero map between V[ [ /p](-b)'s of different weights b [T] . The same holds for extensions, and we get a natural isomorphism
It preserves all relevant structures, as products, duality, Chern classes (use the classifying scheme BS,' ). In the following we try to control the powers of p in the denominators above. Let us remark immediately that all our transformations will respect Chern classes of vector bundles (and hence also characteristic classes of subvarieties) by considering B?'m , whose cohomology has no torsion. 
Unfortunately these sequences are not functorial in U but become so if we invert p.
Suppose U. --X is a hypercovering by small open affine subsets. We construct a double complex D*(AiE) with
where Cb(A(U) ..) stands for the product of the corresponding complexes over all connected components of Ua. The a-differential is given by the alternating sum of the degeneracies a9* associated to a1: Ua?i Ua O<b<a V They are right inverses under the same conditions as in (ii), but are not defined in the derived category. co (e) Some applications. We derive an "algebraic" proof of the degeneration of the Hodge-de Rham spectral sequence for compact algebraic manifolds over the complex numbers. It suffices to show that the total dimension of singular cohomology is equal to that of Hodge cohomology. For this, use the fact that the variety is defined over some Z-algebra of finite type and make base change to a V satisfying our usual hypotheses. There the assertion holds by (i) above.
Another application is the Kodaira vanishing theorem. In general some power yn , n prime to p, has a global section f, which defines a smooth hypersurface. Replace X by a finite covering X1 -X, ramified only along Y. X1 can be constructed via the algebra eDo<i<my Y with multiplication defined by Y5fm c ax. It is smooth over V, and the pullback of Y to it satisfies the previous hypotheses. The assertion follows. co III 1. Commutative algebra.
(a) In the case of bad reduction we start with V as before, but now R is just a V-algebra essentially of finite type over V and such that R &v K is smooth over K. As before we can define R as the integral closure of V in the maximal etale covering of R 0V K. To study it we now use the concept of bounded ramification instead of almost etale. It means that assertions hold up to some fixed power pe instead of pE for any e > 0. Let us assume that in R there exist units uI, ... Ud such that the dlog(ui) form a basis of QRJV1/P] over R[1/p], which is equivalent to the fact that the maps V [Ti] -R defined by the ui are etale in characteristic 0. Our strategy is to compare the big extension R of R to the well-known union ROO of Rn = R ?v [Tl] Vn [ Ti Ti ] ( V a sequence of extensions of V which kills ramification as before). Our first task is to compare Rn to its normalization.
1.1. Lemma. There exists an e independent of n such that the normalization of Rn is contained in p Rn.
Proof. We may assume that R is normal and that the residue field of V is 7 ], and denote by
Rn the normalization of Rn = R (Ds Sn . As Rn is a free R-module, it satisfies the S2-condition, and hence it suffices to prove the assertion after localization in a height-one prime p of R containing p (for all other height-one primes the localizations of Rn and Rn are equal already). So we may assume that R is a discrete valuation ring. As Vn is a totally ramified extension of V, after a finite number of steps the semilocal rings Wn = normalization of R 0v V4 all have the same number of maximal ideals and form a sequence of totally ramified extensions. If such a system of units exists, it follows that R is flat over R up to a bounded p-power, that is, some fixed power pe annihilates all Tor, (R, M) for i > 0 and any R-module M. This property is transitive for extensions, and it holds for R c Roo and Roo c R. We can also define a more restricted notion of a good system of units by replacing R by a smaller (infinite) Galois extension C of Roo and restricting to subextensions of this smaller extension. For example, if R is smooth over V, any system of units ui is good if their logarithmic derivatives form a base of QR/V [l/P]. We intend to show that once we have one good system of units, we have many.
1.2. Proposition. Suppose R has one system of good units for some (infinite) Galois extension C of R unramified in characteristic 0. Suppose the units ul, ..., ud E R* have the property that their dlog'sform a basis of QR/V[1/PI' and that C contains their p-power roots. Then {u I ud} is a good system of units for C.
Proof. Let S = V[T1 +11 Sn = Vn[Ti', Ti , m= normalization of R in the extension generated by Vm and the pm-th roots of the good system of units { v, ... ., Vd} (whose existence is claimed in the hypotheses), Rm , (for m > n) the normalization of Rm 0 O?s Sn . There exists a p-power pe (independent of n) such that for each n Rm,n is flat up to pe over R provided m is big enough. This is true for all extensions R c Rm and, for m big, also for Rm C Rm,n. We claim that this assertion also holds for Rm,n over Rn or, equivalently, for Rm,n over R (0s Sn .
We want to show that some fixed p-power annihilates Tor<RsSn (R M), any i > 0 and any R (0s Sn-module M. This holds if M is of the form M-N 0$J Sn , N an R-module (this is equivalent to the assertion relative to R). (c) We claim that Rm I, m big, is even faithfully flat over Rn up to a p-power independent of n. This means that if a map between Rn-modules M induces 0 on Rm ,n 0R M, then it is annihilated by this p-power. It suffices if Rn is a direct summand in Rm ,n up to bounded p-power. To see this we remark that the differents over R of Rm,n (m big) and Rn in different height-one primes of R differ only by bounded p-powers, so we find 3 (depending on m) and e (independent of m and n) such that for m big peR /R is integral after localizing in height-one primes and such that p trRm,n/Rn :Rm,n -Rn is integral. As Rm ,n is flat over Rn (up to bounded p-power) and as Rn satisfies the S2-condition, we may assume that p eRm n/Rn = Exi C) Yi is integral even before localization. Then r p trRm /R ( xiyir) defines a left inverse of the inclusion Rn C Rm,n up to pe . We derive the assertion and also that C is faithfully flat over each Rn up to a bounded p-power independent of n. Use transitivity. Rn c Room = union of all Rm ,n C C. In the limit C is also faithfully flat over RoO up to a bounded p-power. Finally, if A = Ro c B c C is a normal extension of finite degree, unramified in characteristic 0, B is almost unramified over Rcc after localization in primes of height 1. Hence pE -eBIA iS integral after localization for any positive e. As C 0A B is flat over B (up to a bounded p-power), pe *eB/A lies in C0A B for some exponent e independent of B. As C is Galois over A, C ?&AB[ l/p] , C[1/p]r decomposes and this induces C 0A B --Cr with kernel and cokernel annihilated by pe . So C 0A B is etale over C up to pe and by faithfully flat descent this also holds for B over A.
(d) Let us now give some applications.
1.3. Theorem. Suppose that R is a V-algebra offinite type, geometrically irreducible, such that R has a good system of units u P .. ., Ud, for some Galois extension C D R Xv V with group A. The following assertions hold up to some 2.1. Definition. A stable punctured curve of type (g, t) over an algebraically closed field k consists of C, {xl, ... ., xt }, where C is a proper connected algebraic curve of arithmetic genus g over k, with only simple double points as singularities (so C is reduced). {xl, ... xt} is an ordered t-tuple of different k-rational points in the smooth locus of X.
Thus tuple has to satisfy the following conditions. (i) If an irreducible component of C is a rational curve, then at least three of its k-points are either equal to an xi, 1 < i < t, or rational double points of C.
(ii) If an irreducible component of C is an elliptic curve, then at least one of its k-points is either an xi, 1 < i < t, or one of the rational double points of C.
A family of stable punctured curves over a base B consists of a flat morphism of finite presentation f: C -+ B together with t sections such that each geometric fiber is a stable punctured curve of type (g, t) . If C, {xl, . . ., xt} is a stable punctured curve, the line bundle wc(oo) (wc = dualizing bundle = bidual of Qc, "oo"= simple poles in {xl, ...,xt}) is ample on C, and its third power is very ample. It has degree t + 2g -2 > 0. It follows that each family f: C -+ B is projective. Also the deformation theory of a stable punctured curve is controlled by the dual wc(oo)*. As H0(C, wc (oo) *) = 0, C has no infinitesimal automorphisms, and its automorphism group is finite.
Also versal deformations exist with tangent space H' (C, w(c(oo)*) of dimension 2t + 3g -3. Finally H 2(C, Nc(oo)*) vanishes, so deformations are unobstructed, and the versal deformation has a smooth base.
2.2. Lemma. If V is a complete discrete valuation ring with fraction field K, a stable punctured curve CK over K can be extended to V after replacing V by its normalization in a finite extension of K. This extension is unique up to isomorphism.
Proof. First extend CK to a regular scheme over V such that its special fiber is a reduced divisor with normal crossings. This is possible (after extending V) by the stable reduction theorem if g > 1 , by the theory of minimal models for elliptic curves if g = 1, and by hand if g = 0. The sections xi extend to V and specialize to smooth points in the special fiber. If two such points are equal, we blow up this point. After finitely many steps we are in a situation where this does not occur. After that we contract all components Pl of the special fiber which do not satisfy condition (i) above. The elliptic components satisfy (ii) (as t + 2g -2 > 0), and we have obtained a stable extension of CK.
It is unique as all steps can be reversed. o (b) It follows that we can construct a moduli stack ,I for stable punctured curves which is proper and smooth over Spec(Z) or any base we prefer to use. The details consist in following the arguments of Deligne and Mumford [DM] . For example, if t = 1 and g > 0, J(gj --/4 is the universal stable curve.
g,I
One also shows that in general the total space the universal curve C over is 4' t+l (at first glance this might seem surprising), hence it is smooth over the base.
Let us spell out what the notion "stack" means in this context. We have given a smooth scheme S and a stable punctured curve C --S of type (g, t) such that S is versal everywhere or, equivalently, that the tangent space of S is isomorphic to the tangent space of the deformation problem. We further assume that each stable punctured curve of type (g, t) over an algebraically closed field can be obtained by base change from this family. Over S xz S the groupoid R = Isom(prI *(C) , pr2 *(C)) is representable by a finite unramified morphism R --S x z S such that the projections of R onto S are etale. Also, if V is a complete discrete valuation ring with fraction field K, any K-rational point lifts (after enlarging K and V) along pr1 to a K-rational point of R whose second projection extends to a V-rational point of S. (ii) If W is the normalization of V in a finite extension L of K, any W-valued point of Y lifts to X after replacing W by its normalization in a finite extension of L.
Examples of rigid etale coverings are proper modifications along the special fiber or etale coverings in the usual sense (it even suffices if they cover the special fiber). If we restrict to coverings which induce open immersions on the generic fiber and if we assume that Y is normal, we can exhibit a cofinal system: Replace Y by a proper modification along the special fiber, and denote by X the disjoint union of open subsets of Y which cover the special fiber.
We may assume that X is affine. is an isomorphism.
Proof. It suffices to treat Cech coverings X --Y. The assertion holds for open coverings of the special fiber or for proper modifications (by EGA III). In general we use noetherian induction. We may assume that Y is irreducible and normal. Replacing it by its normalization in a finite extension of its fraction field we may assume that XK is a disjoint union of open subsets of YK. For such coverings the assertion holds (we know their structure by (a) above) and everything follows easily. o (c) Rigid etale coverings occur in the following context. Suppose CK -YK is a stable punctured curve of type (g, t) and that Y is normal. We intend to construct a rigid etale covering X -* Y and a regular mapping X --S (S the scheme occurring in the definition of Ag as S/R) such that the pullback of CK to XK is isomorphic to the pullback of the universal curve over S. We proceed as follows.
Let XK -_ YK X K SK denote the scheme which classifies isomorphisms between the stable punctured curves on both factors. Locally in the etale topology (on YK ) it is the pullback of RK, hence it is finite over YK X K SK, and its projection onto YK is etale. Let X denote the normalization of Y X v S in XK . We have to show the lifting condition for discrete valuation rings W D V . A W-valued point of Y defines a stable punctured curve over the fraction field L of W. After extending W and L we may assume that this curve is isomorphic to the pullback of the universal curve on S via some W-rational point of S. This isomorphism defines an L-rational point of XK which lifts to a W-rational point.
(d) We now can show the main result.
3.3. Theorem. Suppose R is a V-algebra offinite type, smooth in characteristic 0, which contains a system of units u, I .., Ud whose logarithmic derivatives form a basis of f2R/[V1/p]. Then there exists a rigid etale covering of Spec(R) by affines Spec(Ri) such that for each i the units u,II ..., ud E Ri form a good system for the normalization of Ri in the quotient field of the maximal extension R. of R which is etale in characteristic 0.
Proof. Before giving the cumbersome details let us explain the idea. Locally Spec(R[1/p] ) is an elementary fibration [Fr, Theorem 11.5/11 .6] UK C UK --WK. Its geometric fundamental group is an extension of that of WK by the fundamental group of the geometric fibers of the fibration. The fundamental group of WK is handled by induction, and so we are reduced to considering the fundamental group of the geometric fibers. For this we use that the elementary fibration is pullback of a universal fibration C -{oo} I-S and that in the universal case everything is smooth (and so is covered by what we already know). Now the formalities. We use induction over d, d = 0 being the trivial case. There exists a Zariski open covering of Spec(R[1/p]) by elementary fibrations UK C UK -4 WK such that UK is a smooth proper curve over WK with geometrically connected fibers in which UK is the complement of a divisor of degree t > 3 which is finite etale over WK. Also WK is affine, and its geometric fiber is a K(7r, 1) in the etale topology. Refine the covering given by these UK's to a rigid covering of Spec(R) by affines Spec(Ri). We may choose models W over V for the WK s such that the maps Spec(Ri) --W are regular.
After replacing W by its normalization W in a finite etale covering WK of WK we may assume that UK C UK is given by a stable punctured curve over WK. Over a rigid etale covering of W this curve is pullback of a universal curve over some smooth V-scheme S. Hence refining the rigid etale covering {Spec(Ri)} we may assume that each Spec(Ri) maps to the total space U of a stable punctured curve U c U -_ W, which is pullback under W --S of the universal C -{oo} S, and such that in the generic fiber we obtain a pullback of the original elementary fibration UK C UK WK . As C -{oo} is smooth over V , there exists an open affine covering of it such that each affine ring has a good system of units, where in addition all these units except one are functions on the base S, that is, they are constant along the fibers of C -* S. Refining the rigid etale covering {Spec(Ri)} we may assume that it maps to this open covering of C -{oo} . By pullback we obtain normal extensions of Spec(Ri) which are etale in characteristic 0, and it follows that they are etale up to some pe over the extension of Ri generated by V and p-power roots of the pullbacks of the units constructed above. As all of them except one come from units on W, we may use induction on W and obtain (after refinements) for each Ri a Galois extension, etale in characteristic 0, which is etale up to pe over the extension generated by V and the p-power roots of a system of d units in Ri. We have to convince ourselves that this extension is big enough. It contains the maximal (etale in characteristic 0) extension of WK , as well as the pullbacks of the maximal extensions of the open covering of C -{oo}. We may assume that this covering refines a covering of SK by K(7r, 1)'s, and it follows that we also obtain at least the full fundamental group of the geometric fibers of UK over WK. By the homotopy sequence for UK--WK we see that our Galois extension contains at least the maximal etale covering of UK, hence also that of Spec(RK). Finally, we can replace the d units in Ri by the chosen units in R, and everything follows. o 4. Intermediate cohomology.
(a) Suppose X is a proper flat V-scheme with smooth and geometrically irreducible generic fiber XK . There exists a rigid covering of X by affines Spec(Ri) such that each Ri contains d-units uI, ..., ud whose logarithmic derivatives generate Qx v ? Ri [l/p] . First find an open covering such that Qx v is generated by logarithmic derivatives of units and then refine it. As in the case of good reduction we define presheaves on the rigid etale topos by sending U -* X to C*(A(U), Z/pIZ)1>O, respectively C* (A(U), R(U)/ptR(U))1>.O* They have coefficients in the abelian category of projective systems of Z/pIZ-modules. However, we work modulo bounded p-torsion, that is, we divide by the subcategory of projective systems which are annihilated by some power of p. In the quotient category infinite direct or inverse limits do not exist in general. However, if they do exist they are unique up to isomorphism. The associated sheaves are p-adic etale cohomology (same proof as before), respectively Hodge cohomology. If we fix U, we have for any sufficiently small rigid etale cover W of it the canonical extension E(W) , which defines (in the derived category) a natural transformation (b) We can extend to the open case by a method different from the previous one. Suppose X is again proper over V, D C X a divisor, such that over K we obtain the familiar situation (X smooth, D normal crossings). We first assume that all irreducible components Di of D, as well as of finite intersections of Di's, are geometrically irreducible over K. If X", n >0 denotes the disjoint union of intersections of n different Di, we obtain natural maps Xn+i ) Xn which satisfy the rules for the degeneracies of a simplicial object. If for each n we choose a rigid etale hypercovering Un.
--Xn such that the transformations above extend, we get double complexes C* (A( Un.), Z/p' Z),>0, Irespectively C*(A(Un.), R(Un.)/p R(Un.))>o>, and a natural map from the first to the second. Passing over to the limit over all systems of hypercoverings Un. we obtain etale cohomology of (X -D) 0$v K with compact support, respectively Hodge cohomology with compact support. The corresponding transformation is an isomorphism as this is true for all Xn, and we have a familiar (weight-) spectral-sequence. By duality we also obtain an isomorphism for ordinary cohomology. These are natural transformations for maps f: X1 +X2 with D1 D f 1(D2). Factor into X1 c XI x X2 -X2. The projection from the product is easy to treat, so we can concentrate on the injection j of the graph. Here everything follows as the transformations respect the characteristic class of this graph in the cohomology of X1 x X2. The kernel of j* consists of elements which have cup product 0 with this characteristic class, and the cohomology of X1 x X2 is the direct sum of this kernel and the image of pr, * (pr, = first projection).
(c) Let us collect all information. We remark that by a theorem of Nagata any proper X over K extends to V. 
